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Let F be a field. Let A4 be a closed manifold of dimension 2m + 1, and if the 
characteristic of F is not 2 assume A4 oriented. One then defines the semi- 
characteristic 
sx&W) = f (- 1)’ dimF H’(M; F) (mod 2), 
i=O 
= + dimF H*(A@ F) (mod 2). 
If F=Zz, one lets Q(M) = q(M), which is the Kervaire semicharacteristic. It is 
immediate that the semicharacteristic depends only on the characteristic of the field 
F, for if F’C F, the universal coefficient theorem gives H*(M; F) = H*(M; F’)& F. 
The main result of this paper will be 
Proposition. For the oriented Grassmannians Gk+ (P + k, = SO(n + k)/SO(k) x SO(n) 
of odd dimension (nk = 1 (mod 2)) the semicharacteristics are independent c f the 
field, and one has 
s~~(G~+(R”+~))= ( Ltn;Tk;‘kl) (mod 2) 
where [x] = integral part of x. 
Most of this assertion is obvious, for one has 
Lemma. If F is a field containing +, then for nk odd 
H*(Gk+(R”+k);F)~F(Pl,...,Plk,z],01,~.~,~~~,21,~~+k-1I/(P~= hJ’=o) 
where p = o( yk), @ = p( y,,) are the total Pontrjagin classes of the standard k and n 
plane bundles over the Grassmannian. (See [3, p. 4961 for the standard facts.) 
* I am indebted to the National Science Foundation for financial support during this work. 
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Lemma. For any field F, 
dim,{F[x,, . . . ,+x1, . . . . Rj]/(ti= 1)) = . 
(See [l, 5231 for a nice argument.) 
For fields of characteristic two, one has 
Lemma. H*(Gk+(R” k); 22) contains a self-annihilating subspace of harf the 
dimension which is isomorphic to 
&[w,, e.. , w,, @, . . . , wn]/(w@= 1) 
where w = w( yk), ii, = w( y,) are the to,taf Stiefef- Whitney classes of the standard k 
and n plane bundles over the Grassmannian. 
(To see this, observe that Gk+(Rn+k ) is the boundary of the disc bundle of the 
nontrivial line bundle over the unoriented Grassmannian.) 
Unfortunately, it seems terribly difficult to find the dimension of this algebra, 
and so one must resort to trickery. For the case dim Gk+(R”f k, = nk= 1 (mod 4) 
one has 
Lemma (Lusztig, Milnor, and Peterson [S]). If M is an oriented manifold of dimen- 
sion congruent to one modufo four which is an unoriented boundary, then the 
semicharacteristics of M are independent of the field. 
The only problem remaining is to calculate sx(Gk+ (R”+k)) for nk= 3 (mod 4). 
2. A cobordism 
In order to calculate s;G(G~+(R”+~ )) with nk= 3 mod 4 one may make 
Lemma ([7, Proposition 4.11). If (V, T) is an even-dimensional compact 
with boundary wlith involution T which is free on a V, then 
sx(a V) =x(F) + x(Fn F) 
use of 
manifold 
where F is the fixed set of T and F fl F is the self-intersection of F in V. 
To find the appropriate choice of (V, T), one considers the linear transformations 
S, T: R”+k-+Rn+k where 
S(q,x2, l ** 9 x,+k)=(--x1, -x2&, . . ..x.+k) and T(x)= -x. 
Multiplication by S, TE SO@ + k) on G = Gk+ (R” + k, = SO(n + k)/SO(k) x SO(n), nk 
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being odd, gives an action of 22 x 22 on G, with T acting freely. On G x [- 1, 1] one 
then has an action by Z2 x Z2 given by S X (- 1) and T x 1, and letting N be an in- 
variant tubular neighborhood of Fs x 0, one lets 
V={Gx[-l,l]-N}/Sx(-1) 
with the involution *m” induced by TX 1. (See Conner and Floyd 12, (24.2)].) 
The boundary of V consists of a copy of G, the image of G x { - 1,1)/S x (- I), 
and the image in V of aN/S x (- l), which is RP(vs + l), where vs is the normal 
bundle of the fixed set Fs in G. The fixed set of T on V is (FST x 0)/S x (- l), where 
FST is the fixed set of the involution ST on G. 
In order to find Fs and FST, one may consider 
for which n(Fs UFsT) becomes the fixed set of the involution induced by S on the 
unoriented Grassmannian. Thus 
over which x is the double cover by det Yk, i.e. 
det )q@det ykUdet ylOdet Yk- r Udet Y20det Yk-2 
on which S acts by 1 U (- l)U 1. Thus, Fs is the inverse image under II of the first 
and third terms, i.e. Gk+(Rn+k-2)UGk+_2(Rn+k-2) with normal bundles 2yk and 
2y, respectively. Also, FST is the inverse image under II of the second term. 
In order to find the normal bundle of F= Fsr x O/S x (- 1) in Y one observes 
that Fsrc G is invariant under both S and T, with S= T on FST and with ST= - 1 
in the fibers of a tubular neighborhood of FST. Thus 
with normal bundle 
v’= [det yr @det Yk_ r] @ [v”@ I] 
where vn is the normal bundle of F&T in G/T=Gk(Rnfk). 
Using Lam’s calculation of tangent bundles (41, the tangent bundle of Gk(Rn + k, 
is Hom(yk, &,) which restricts to 
with the first two terms being the tangent bundle of F&T. 
Then rf z J+ and identifying &E<*, the last two terms become 
with 27, being trivial, hence (n + k - 2)y, being trivial, so that V” is trivial. (Note: 
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To be precise, this argument actually shows that V” is stably trivial. Since x(FnF) 
depends only on the Stiefel-Whitney class of v”, one need not belabor the point). 
For anr/sx(-l)=RP(2~~Ol)URP(2y,Ol) over Gk+(Rn+k-2)UG’k_2(Rn+k-2) 
one has projective space bundles with fiber even-dimensional projective spaces. For 
such a bundle the mod 2 cohomology is additively isomorphic to the tensor product 
of the cohomology of base and fiber. Hence 
since k(n - 2) = (k - 2)n = 1 (mod 4), and the sum is 
Since F has odd dimension, x(F) = 0. Thus one has 
Observation. In order to prove the proposition, it is necessury and suffickt that 
x(M) = 0 (mod 2), where M = F n F is the submanifold of RP’ x G& _ 1 (R” + ‘- ’ ) dual 
to the vector bundle Y,@det ‘yk_1@(n+k-2)det Yk__, =(n+k- l)(r@det Y&-l)* 
From [8], particularly $3, x(M) is the sum of the coefficients of the monomials 
n-l n 
UX0(l) *a(Z) l ** x”,;tkl;: in the power series 
$,’ (1 +Xi)n+k-2 (@+X1 + l ‘* +$_ I)&, + ““x&_~)n+k-2X:-2x~-3 *“x&2 
rI I~i<j~k_i (1 +Xj+Xj)‘(l +Q+Xl + l ** +X&-1)(1 +X1 +eg*+Xk_l)n+k-2 
for all oe&_I permuting { 1, . . ..k- 1). Here x 1, . . . , x& _ 1 are one-dimensional 
classes obtained by applying the splitting principle to )$_ 1 and a is the one- 
dimensional class in RP’. 
Since a2 - 0, the coefficient of a in ((r + z)/( 1 + a + Z) is l/( 1 + zJ2 and so x(M) is 
the sum of the coefficient of the monomials x~(I:x:(~) ... x$&f in 
JJfL,’ (1 +Xi)n+k-2(XI A- l ** +x&_ ])n+k-2 k--2 k-3 .., 
l-l Ici<j<k I(1 +xi+xj)‘(l +x1 + l ‘* +x&_ IIn+& x1 x2 xk-2* - - 
In each monomial x&’ a.9 xi&!:; there are precisely +(k - 1) odd exponents, and 
there are precisely *(k- 1) odd exponents in the factor x~-~x~-~ . &_2~ i.e. 
x1,x3, . . . . xk _ 2 have odd exponent, and the remaining ugly factor has all exponents 
even. The only monomials xi($ l e. A$!?: having a nonzero coefficient are those 
for which cp permutes the sets { 1,3, . . . , k - 2) and { 2,4, . . . , k - 1) within themselves. 
Pulling out a common factor x1 x3 l ** x&_2yx(M) is the sum of the coefficient of 
the monomials 
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(*) 
where x;= x2, _ 1, A(‘= x2r, and the sum is over all pairs (#, +Y) E+ _ I)/2 x Ztk _ 1)12. 
By symmetry, the coefficient of the monomial corresponding to (#, ry) is the same 
as that for (u/,@), and hence working mod 2, only the terms (@,@ make a contribu- 
tion, i.e. x(M) is the sum of the coefficients of the monomials 
where {a,, . . . , afk-1)/2} ={n- l,n+ l,..., n + k - 2) in the expression (*). 
If in (*) one considers the variables x2*_ 1 and x2r one has a symmetric function. 
Now in any symmetric function (X 2r _ 1 xzt)‘(xzr _ 1 +x202 t,he coefficient of (x2[ _1 xzt)” 
is zero if s>O, for the binomial coefficient (f’>= 0 (mod 2). However, the factor 
(X1 + ‘.. +x&_ l)n+k-2 with n + k - 2 > 0 must contribute (xZl_ 1 +x2$ with s> 0 for 
some choice of t. Thus, (*) has a zero coefficient for every monomial of the form 
(**). Hence x(FnF)=O and the proposition is proved. 
3. Comments 
Observation. For nk= 0 (mod 2) and alZ fieIds F or nk= 1 (mod 2) and F of 
characteristic 2 one has 
qF(SU(n + k)/SU(k) X SU(n)) = dimF(F[c2, .. . ) ck, c2, . . . , &]/(cc = 1)) 
Proof. S = SU(n -+ k)/SU(k) x SU(n) is a circle bundle over the complex Grassman- 
nian Gk(Cn+k). Thus the F-algebra described is half of the cohomology of S, where 
c = c( yk) and c = c( yn) are the Chern classes of the standard k and n plane bundles. 
The dimension of S is 2nk + 1, and by the theorem of Lusztig, Milnor, and Peterson 
[5], sxF(S) is independent of F if nks0 (mod 2). Thus, it suffices to compute the 
dimension for F = Z3. For nk= 1 (mod 2), the main Proposition gives the result. 
For nk=O (mod 2), 
q(S)= fdimH*(Gk+(Rn+k); Z2)=#~(Gk+(Rn’k)) 
and this is X(Gk(Rn’k )) = (” zk) by the relation between Euler characteristics for a 
double cover. For nk = 0 (mod 2), 
completing the argument. Cl 
Notes. For k = 3 = n, s,Q@) actually depends on the choice of F. For k = 3, n = 4, 
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dimF{F[cz, . . . , ck, ez, . . . , i$]/(ct = 1)) is dependent on the choice of F, and only 
becomes independent after reduction mod 2. 
Observation. For nkd (mod 2), the unsriented Grassmannian Gk(R*+k)= 
O(n + k)/O(k) x O(n) is an oriented manuold and 
SXF(Gk(Rn + k)) = 
if char(F) # 2, 
if char(F) = 2. 
For nk= 3 (mod 4), these are not always the same. 
Proof. The projection z : Gk+(Rn+k )+Gk(R”‘k) induces an isomorphism in F 
cohomology if F contains 3. Cl 
My interest in these problems arose from the paper of Miatello and Miatello [6] 
who considered the possible framability of manifolds of the form 
Observation. If kz 3 
q(S) = 0. 
+ “* + nk)/sO(nl) x ‘** x sO(nk) 
and S is odd dimensional, then 
Proof. S consists of k-tuples of oriented planes VI, . . . , vk of dimensions nl , . . . , ?zk 
for which the orientation of the sum is fixed. Let q : S -6 be the involution which 
reverses the orientation of l$ and vk. This induces a free action of (&)k-l on S, 
and by [7, Lemma 3.41, sx(S) =O. Cl 
Corollary. For 11 r 3k, SO(n)/SO(3)k = SO(n)/SO(3)k x SO( 1)“-3k is parallelizable. 
Note. The calculation of sx(X) is the only point needed in the remark on page 349 
of [6]. 
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